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Time-domain model structures and algorithms are described that are suitable for the identification of aerome-
chanical and aircraft structural models from input–output data. An efficient batch subspace identification algo-
rithm and its online version are presented. The batch algorithm was implemented and evaluated for structural
mode identification of the V-22 tilt rotor and for the identification of models of aeromechanical instability. The
online algorithm is demonstrated with a numerical example in which structural modes are identified and tracked
as they appear. Our results and comparisons with current aircraft industry practice show several advantages of
time-domain subspace methods over Prony and frequency-domain methods. Specific advantages include the abil-
ity to identify multiple structural modes simultaneously from a single experiment, the ability to use online system
identification, and the ability to identify open-loop systems from closed-loop experimental data. These advantages
have a significant effect on the number of ground and flight tests required and on how to perform testing in unstable
flight regimes.

I. Introduction

AMODEL is a useful representation (or compression) of system
dynamics. The precise meaning of useful is given by the ap-

plication for which the model is intended. As a general rule, useful
models of engineering systems must be computationally efficient.
Another important requirement is the ability to describe system be-
haviors accurately under different extrapolated conditions, that is,
the predictive power of the model. These two requirements are com-
peting interests in that models that predict many system behaviors
tend to be computationally hard and vice versa. For instance, Navier–
Stokes equations have a lot more predictive power than the models
discussed in this paper, but they are also numerically much harder.
The modeler’s task is to develop models that balance computational
and predictive requirements, possibly by neglecting fine-scale struc-
ture and considering only those features that are dominant in the
application. This is, of course, easier said than done in most flight
dynamics problems, where distributed and nonlinear phenomena
interact to produce complex dynamic behaviors. A good example
is aircraft tail buffeting at high angles of attack, in which vortices
shed from the wing impinge on the tail surface causing structural
vibrations and eventually fatigue. Identification of models from ex-
perimental data appears to be the only avenue to solve such problems
at the current time. Even in simpler settings, identification of model
parameters such as stability derivatives is a requirement.

The system identification (SI) process shown in Fig. 1 is an it-
erative process consisting of experiment design, model structure
determination, parameter estimation, and model validation.1−3 Ex-
periment design is concerned with the selection of test inputs and
measurement variables, their sampling and conditioning, and other
aspects that are directly related to the notion of an informative ex-
periment. An experiment is said to be informative with respect to
a model set if the experimental data allow discrimination between
models in the set. Model structure selection and parameter estima-
tion are simultaneous tasks, although, in practice, they are performed

Received 5 July 2003; revision received 23 September 2003; accepted
for publication 24 September 2003. Copyright c© 2003 by The Scientific
Systems Company, Inc. Published by the American Institute of Aeronautics
and Astronautics, Inc., with permission. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00 per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0021-8669/04 $10.00 in correspondence with
the CCC.

∗President, 500 West Cummings Park, Suite 3000; rkm@ssci.com.
Member AIAA.

†Principal Research Scientist, 500 West Cummings Park; prasanth@ssci.
com.

sequentially with model structure being selected first. The structure
of a model is defined in terms of its nature, for example, linear,
Wiener, neural network, order (number of free variables), and pa-
rameterization, for example, state space in modal coordinates. There
are several considerations that go into model structure selection, in-
cluding a priori knowledge, flexibility, and algorithmic complexity.
After selecting a model structure, parameters of the model are es-
timated from experimental data. Minimum mean square estimation
(MMSE) and maximum likelihood estimation (MLE) are the most
common methods of parameter estimation.1,2,4 Numerical proce-
dures for estimation range from least squares to the expectation-
maximization algorithm.1,2,5 The final step of model validation is
to determine the “goodness” of an identified model, that is, the ex-
tent to which it is useful in its intended application. Thus, a model
identified for controller design may be deemed valid if the resulting
controller produces satisfactory performance. When model valida-
tion fails, it may be due to the choice of model structure and the lack
of information in experimental data. As shown in Fig. 1, the steps
are iterated until a validated model is found. Details of these steps
and the iterative process may be found in Refs. 1–4 and 6.

SI is by now widely recognized as an important tool in flight vehi-
cle modeling, control, and data analysis. Hamel and Jategaonkar7,8

give a detailed survey of literature, methods, and processes used in
aircraft industry. Klein and Morelli9 focus on aircraft aerodynamic
modeling and provide easy-to-use software. There has also been
tremendous amount of research in SI for rotorcraft modeling and
control.10−12 The ultimate aim of SI in many applications, including
that of the present paper, is to determine a state-space or transfer
function model that can be used for controller design. However,
the aerodynamic stability derivatives and structural modes are func-
tions of gross weight, airspeed, and many other factors, so that a
large number of experiments will need to be performed to identify
models suitable for controller design. We are, therefore, interested in
developing and validating methods that are not restricted by the type
of input used for identification7,9,13 and that are capable of identify-
ing multiple modes simultaneously. In advanced applications, there
is a need to estimate and track structural modes online because they
change slowly due to in-flight mass and inertia changes and abruptly
due to battle damage. Online system identification is an integral part
of many proposed vehicle health monitoring and control reconfigu-
ration systems. Thus, SI methods that can rapidly and reliably esti-
mate models in-flight are of interest. Another problem that arises in
flight envelope expansion is the development of aircraft models at
unstable flight conditions. It is known that active control of unstable
aeromechanical phenomena such as ground and air resonance can
expand the operational flight envelope of tilt rotors. However, there
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Fig. 1 Steps in SI.

is a severe lack of models for controller design because open-loop
flight testing is not feasible.

This paper describes a class of time-domain SI methods suitable
for aircraft aeromechanical and structural modeling. Section II and
Appendices A and B present model structures and subspace identi-
fication algorithms for MMSE. Appendix A describes the standard
subspace method for batch processing of multi-input/multi-output
(MIMO) data. A recursive version of the standard algorithm is given
in Appendix B. This online algorithm is capable of tracking struc-
tural modes in real-time as demonstrated by the numerical example
in Sec. II. The batch version of subspace identification algorithm
is demonstrated in Sec. III using structural mode identification of
a V-22 tilt rotor. A comparison with the traditional Prony method
is also provided. Section IV presents identification of models of
aeromechanical instability using the batch algorithm. This applica-
tion requires closed-loop experimentation and exemplifies the use
of time-domain SI methods. Conclusions and directions for future
work are presented in Sec. VI.

II. Time-Domain SI Methods
A. Model Structures

Consider a continuous-time linear time-invariant (LTI) state-
space model,

ẋ = Ax + Bu + w (1a)

y = Cx + Du + v (1b)

where u is the input vector, y is the scalar output (multi-input/single-
output case), x is the state vector and w and v are process and mea-
surement noises, respectively. This model is completely defined by
a state-space dimension n; the state-space matrices A, B, C , and D,
and the noise covariances. The state-space dimension determines the
dimensions of the state-space matrices. The identification problem
is to determine the model order, the state-space matrices, and the
noise covariances, so that the model output matches the observed
data.

Many aeroelastic and flight dynamic behaviors result from
changes in system dynamics brought about by changes in certain
physical parameters. An example is aeromechanical instability in
rotorcraft that occurs only at certain airspeeds and rotor speed. For
such cases, a model of the form

ẋ = A(θ)x + B(θ)u (2a)

y = C(θ)x + D(θ)u (2b)

where θ is a time-varying (physical) parameter vector, is more rea-
sonable than the LTI model (1). A system of this form is called a
linear parameter-varying (LPV) system. It is a global model because
it captures dynamics over a range of parameter values. The parame-
ter vector typically consists of airspeed, angle of attack, rotor speed,
etc. The system matrices are functions of the parameter–vector θ
and, during system operation, the parameter–vector changes with
time. Thus, along each possible parameter trajectory, the system de-
scribed by Eq. (2) is a linear time-varying system. Models of this
form arise frequently in gain scheduling.

In many practical applications, natural frequencies and damping
coefficients of the system may be known with some confidence, for
example, ωn ± 0.2ωn for a 20% variation from the nominal natural
frequency ωn . When a priori information of this type is incorporated,

the state-space matrix A becomes constrained or structured. For
example, A may have the modal form

A = diag

{
p1, p2, . . . , pNr ,

[
0 1

−ω2
1 −2ζ1ω1

]
, . . . ,

[
0 1

−ω2
Nc

−2ζNc ωNc

]}
(3)

where {pk}Nr
k = 1 are the real poles and {(ωk, ζk)}Nc

k = 1 are the poles with
nonzero imaginary parts written in terms of natural frequency ωk and
damping coefficient ζk . It turns out that such structured SI problems
are harder numerically than linear SI with no a priori information.

B. Subspace Algorithms for LTI Identification
A number of efficient techniques known as subspace identifi-

cation methods have been developed to identify LTI models.14−17

These techniques have some very nice theoretical properties and in-
volve only matrix algebra. They reduce to the deterministic realiza-
tion algorithm in the noise-free case and to the stochastic realization
algorithm in the input-free (u = 0) case.14−17

Appendices A and B give a batch version of the basic subspace
method and its recursive implementation, respectively. Step 2 of
the batch subspace algorithm involves a singular value decomposi-
tion (SVD). It can be shown under certain conditions15−17 that the
number of nonzero singular values tend to the system order asymp-
totically. Thus, subspace methods can identify model orders from
data. However, in practical applications where the number of sam-
ples is always finite, the model order r is usually fixed a priori. In
this case, the algorithm in Appendix A gives a model of order at
most r that best fits the data. A better strategy for model order de-
termination is to modify the selection of principal components in
step 3 using information-theoretic criteria such as those of Akaike,
Bayes, and Rissanen (see Refs. 1, 2, and 9).

The online identification algorithm in Appendix B is based on two
observations: 1) the least-squares problem can be solved recursively
and 2) the quantity on the left-hand side of the SVD equation in step 2
of the batch algorithm is also a collection of Kalman states. As an
illustration, consider an abruptly changing system of the form (1)
where the state-space matrices are given by

A =




0 1 0 0

−157.91 −0.5 0 0

0 0 0 1

0 0 −631.65 −2.51


 , B =




0

1

0

1




C =




1

1

1

1




T

, D = 0

for time t ≤ 20 and

A =




0 1 0 0 0 0

−157.91 −0.5 0 0 0 0

0 0 0 1 0 0

0 0 −631.65 −2.51 0 0

0 0 0 0 0 1

0 0 0 0 −1420 −3.76




B =




0

1

0

1

0

1




, C =




1

1

1

1

1

1




T

, D = 0
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a)

b)

Fig. 2 Identification of abrupt changes using online DSRA: a) λ = 0.99 and b) λ = 0.95.

for time t > 20. That is, the system has two modes with frequencies
of 2 and 4 Hz until a third mode with frequency 6 Hz suddenly
appears at time t = 20. We are interested in identifying and tracking
all of the modes as they appear from input–output data.

Figure 2 shows the results of applying the online identification
algorithm on simulated data with 5% additive noise at a sampling
rate of 100 Hz. A wideband signal is used as input. If we use a model
order that is equal to the true system order, then the algorithm will
divide up the observed energy, part of which is due to noise, among
the system modes leading to inaccurate estimates of natural fre-
quencies and damping coefficients. Therefore, we must provide the

algorithm with a conduit to bleed away some of the energy due to
noise. To do this, we assume that (1) there are at most five modes
instead of three and (2) all modes lie in the freqeuncy range [0,
10] Hz. The upper bound on the number of modes is also used to
determine the size of recursive least-squares problem, whereas the
bound on the frequency range is used to truncate spurious modes
from the identified model. Figures 2a and 2b correspond to identi-
fication with forgetting factor λ = 0.99 and λ = 0.95, respectively.
The forgetting factor 0 < λ ≤ 1 (algorithm in Appendix B) assigns
the weight λk for data that were obtained k time steps ago. Thus, with
large values of λ, the influence of past data lingers longer and slows
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down identification of new modes. On the other hand, with small
values of λ, the information in past data is disregarded in favor of
new data, causing faster identification of new modes. With λ = 0.99,
approximately 200 samples (2 s) are needed to bring the effect of
past data to about 10%. The same reduction requires approximately
40 samples when λ = 0.95.

In Fig. 2, the algorithm begins tracking a single mode, which
eventually converges to the 4-Hz mode, although the system has
two modes (2 and 4 Hz). This is because lower frequency modes
generally require more time to identify. When λ = 0.99, the algo-
rithm identifies both 2- and 4-Hz modes by about 6 (12 cycles
of 2-Hz mode) from the noisy data. There is a 2-s improvement
with λ = 0.95, as shown in Fig. 2b. To explain the slower conver-
gence in the damping coefficients, consider the second-order transfer
function

g(s) = 1
/(

s2 + 2ζωns + ω2
n

)
and its sensitivity to the damping coefficient ζ and natural frequency
ωn ,

dg(s) = −2g(s)2[(ζ s + ωn) dωn + ωns dζ ]

= −2ωn g(s)2

[
(ζ s + ωn)

dωn

ωn
+ ζ s

dζ

ζ

]

We see from the second equality that the transfer function is less sen-
sitive to changes in damping coefficient than to changes in natural
frequency. As a result, when damping coefficient and natural fre-
quencies are to be identified simultaneously, we can expect slower
convergence and a greater percentage error in damping estimate than
in natural frequency estimate.

The remarkable aspect of this numerical experiment is the iden-
tification and tracking of the 6-Hz mode, which appears in the real
system at t = 20, without losing track of the other modes. There is
a 4-s delay in identifying the new mode when λ = 0.99, which is
partly due to noise in the data and partly due to the effect of past
data as explained. There is virtually no delay in detecting the change
when λ = 0.95. In Fig. 2a, the algorithm seems to have lost track
of the 2-Hz mode momentarily at about 24 s. This is not a generic
behavior, and we have not observed it in other runs.

This example is meant to show that there are time-domain al-
gorithms that can be used to identify and track structural modes.
Obviously, these algorithms have certain limitations in their present
form. A comprehensive study of such algorithms is required. We
shall touch on this issue in Sec. V.

III. V-22 Structural Mode Identification
Controller design for systems with both rigid-body and struc-

tural dynamics is usually carried out in two steps. First, a feedback
controller is designed using only the rigid-body model. Structural
modes are then taken care of by inserting appropriate notch filters
in the feedback path to remove those structural modes that may
destabilize the system. In some cases, notch filters are placed in
the forward path as well, to avoid spurious feedback through the
system’s actuators. The notch filter’s center frequency is tuned to
the natural frequency of the corresponding structural mode. How-
ever, the structural mode frequency changes with gross weight, sling
loads, and airspeed. Therefore, a notch filter that is designed for cer-
tain flight conditions may become ineffective for other conditions.
To account for these variations, notch filters must be designed wider
than required so that they remain effective within the entire range
of possible structural mode frequencies. However, as phase lag in-
creases with notch width, the notch filters introduce undesirable lag
into the system, causing degradation in overall performance and
possibly instability.18

Another approach is to estimate the structural mode frequencies
in flight and use them as center frequencies. This approach requires
a reliable time-domain SI method that can rapidly estimate multiple
modal frequencies from MIMO data online. As a first step toward
the development of an online structural mode tracking algorithm,

Table 1 Comparison of modified Prony method and batch DSRA
for SWB mode identification

Sine dwell Sine sweep

Mode ω(σω), Hz ζ(σζ ), % ω(σω), Hz ζ(σζ ), %

SWB 150 kn
Prony (from SWB) 2.89 (0.05) 2.10 (0.29) N/A N/A
DSRA (from SWB) 2.87 (0.01) 1.93 (0.21) 2.83 (∗) 2.86 (∗)

DSRA (from 2.88 (∗) 1.87 (∗)

acceleration)
SWB 200 kn

Prony (from SWB) 2.86 (0.02) 3.2 (0.32) N/A N/A
DSRA (from SWB) 2.82 (0.02) 3.0 (0.31)

SWB 250 kn
Prony (from SWB) 2.82 (0.05) 3.6 (0.5) N/A N/A
DSRA (from SWB) 2.82 (0.03) 3.7 (0.5)

SWT 150 kn
Prony N/A N/A
DSRA 5.18 4.58

we evaluated a batch subspace method called the deterministic–
stochastic realization algorithm (DSRA) on V-22 engineering and
manufacturing development flight-test data. The standard industrial
practice for verifying damping of V-22 structural modes is to excite
each individual mode with a sine dwell and calculate the damping
coefficient from the decay using the modified Prony curve fit method
(see Refs. 19 and 20). The modified Prony method is less sensitive
to noise and has been validated extensively for use in V-22 ground-
and flight-test data analysis. It is the baseline method against which
the performance of DSRA will be compared for the critical antisym-
metric wing chord, symmetric wing beam (SWB), symmetric wing
chord, and symmetric wing torsion modes.18 We will also show that
the batch DSRA method can identify multiple modes from a single
sine sweep excitation, which cannot be done with the Prony method.
This represents great savings on flight-test time, particularly dur-
ing high-speed dive maneuvers, which are very demanding on the
pilot.

A summary of the quantitative results for SWB mode is given
in Table 1. In Table 1, ω, ζ , and σω and σζ are natural frequency,
damping coefficient, and their empirical standard deviations, and an
asterisk denotes not computed. The natural frequency and damp-
ing coefficient estimates from Prony and DSRA compare very well.
The larger standard deviations in damping coefficient are to be ex-
pected in view of our earlier comments regarding transfer function
sensitivity. Table 1 also shows results of applying batch DSRA to
sine sweep data. The estimates of frequencies and damping coef-
ficients for multiple modes obtained by DSRA from a single sine
sweep agree very well with the estimates from sine dwells. Similar
results are presented for the SWC sine dwell excitation in Fig. 3.
Based on these and other comparisons18 of the DSRA method with
Prony, the following conclusions can be drawn: 1) Natural frequen-
cies and damping coefficients estimated by batch DSRA from sine
dwells and sine sweeps are in good agreement with the correspond-
ing Prony estimates from sine dwells, 2) Sine sweeps and other
inputs can be used to estimate more than one mode simultaneously
using DSRA, and 3) DSRA and Prony are both sensitive to signal
to noise ratio (SNR), which relates to fundamental issues of iden-
tifiability. The design of proper input signals to improve SNR is an
important topic.1−3,6

IV. Identification of Models of
Aeromechanical Instability

Active control of rotorcraft aeromechanical instability such as
ground resonance involves designing controllers that provide sta-
bility over a wide range of operating conditions, subject to safety
constraints on system response and saturation constraints on actuator
inputs. The key difficulty in applying control techniques is the lack
of state-space models of the physical phenomenon near and beyond
the instability boundaries. Because we cannot conduct open-loop
experiments for SI near and beyond the instability boundaries, the
following procedure is required.
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a)

b)

Fig. 3 Comparison of Prony and batch DSRA estimates for a) SWC frequency and b) damping coefficient.

1) Begin at a known stable operating point. In the ground reso-
nance problem, the operating point is defined by a single variable,
rotor speed. Conduct an open-loop experiment for SI at this stable
operating point, for example, θ0.

2) Identify a state-space model valid locally (in the neighborhood
of the operating point) from the experimental data using the methods
described. Design a controller that guarantees robust stability using
H∞ techniques using the identified model.

3) Close loop with the controller from the preceding step, move
a bit toward the instability boundary, for example, increase rotor
speed from θ0 to θ1 within the stability region of the controller in

the ground resonance problem. Conduct a closed-loop experiment
for SI at the new operating point θ1.

4) Repeat steps 2 and 3 until the desired operating envelope is
covered.

Note that, at each operating point θk , we identify a linear model
of the open-loop plant of the form (1) where the state-space ma-
trices should be subscripted with the letter k to emphasize valid-
ity at θk . The collection of models {(θk, Ak, Bk, Ck, Dk)}N

k = 0 can
be used to describe the aeromechanical phenomenon over the en-
tire operational range via the LPV state-space model (2) where the
time-varying parameter is the operating condition variable θ. In the
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ground resonance problem with a scalar variable defining operating
point, we have

A(θ) =
{

Ai if θ = θi

β Ai + (1 − β) Ai + 1 if θi < θ < θi + 1

where

β = (θi + 1 − θ)/(θi + 1 − θi )

Similar expressions hold for the remaining state-space matrices.
Details of this approach and its experimental validation on the cobra
stick model (CSM) facility at Bell Helicopter Textron, Inc. can be
found in Ref. 21. Here, we summarize the identification results.

Figure 4 shows locations of test inputs and acceleration mea-
surements taken for identification. Figure 4b shows 5 the stability
behavior of CSM. The CSM is unstable at approximately 36 Hz and

a)

b)

Fig. 4 Schematic of CSM experimental setup.

Fig. 5 Input–output data from open-loop experiment at 32 Hz on CSM.

technically stable elsewhere. However, because of the large vibra-
tory amplitudes, open-loop experiments are not feasible in the rotor
speed range 34–37 Hz. (These numbers are not representative of
any rotorcraft.)

The identification procedure began with an open-loop experiment
at 32 Hz. The input–output data collected are shown in Fig 5. The
test inputs are wideband noises intended to excite all of the structural
modes. The state-space model identified by DSRA from these data
in modal coordinates is

ẋ =



0 −1.0 0 0 0 0

2.1 × 104 −0.9 0 0 0 0

0 0 0 −1.0 0 0

0 0 4.0 × 104 0 0 0

0 0 0 0 0 −1.0

0 0 0 0 5.3 × 104 −2.5




x

+




0 0

−2.6 −2.9

0 0

0 −0.3

0 0

−2.1 −9.5




u

y =
[−342.2 4.6 670.9 1.3 655.3 −1.5

−23.3 0.1 −57.3 −1.0 −482.7 1.0

]
x

+
[−0.04 −0.04

−0.04 0.02

]
u

whose natural frequencies are 23, 32, and 36.8 Hz. The associated
damping coefficients are 0.34, 0 and 0.5%. The estimated mode at
32 Hz appears to be neutrally stable, but in fact it is a lightly damped
mode. This is also the mode that varies with rotor speed. An H∞
controller was designed using the identified model and a closed-loop
experiment was performed at 33 Hz. The procedure was continued
until the whole rotor speed range was covered.
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Table 2 Modes estimated using DSRA from open- and closed-loop experiments

Experiment Mode 1 Mode 2 Mode 3

32 Hz, open loop 23 Hz, 0.34% 32 Hz, 0% 36.8 Hz, 0.5%
33 Hz, closed loop 23.071 Hz, 0.5% 33.014 Hz, 0.12% 37.263 Hz, 1.09%
33 Hz, open loop 23.073 Hz, 0.34% 33.017 Hz, 0% 36.818 Hz, 0.29%
34 Hz, closed loop 23.06 Hz, 0.34% 34.00 Hz, 0.1% 36.81 Hz, 0.2%
36 Hz, closed loop 23.131 Hz, 1.08% 36.21 Hz, 0.28%
38 Hz, closed loop 23.06 Hz, 0.32% 36.86 Hz, 0.05% 37.99 Hz, 0.2%

Fig. 6 Input–output data from closed-loop experiment at 36 Hz on CSM.

Table 2 shows the natural frequencies and damping coefficients
estimated using the iterative controller design and closed-loop ex-
periment procedure. Results from open- and closed-loop data at
33 Hz are provided for the purposes of comparison. The frequen-
cies and damping coefficients agree very well, indicating that the
subspace method can be used to identify open-loop structural modes
from closed-loop experimental data, provided that the controller is
known. Prony’s method and frequency-domain identification meth-
ods cannot accurately compute open-loop structural modes from
closed-loop data due to the mode changes introduced by control
and due to the possibility of pole-zero cancellations, whereas certain
time-domain methods produce bias errors in frequency and damping
estimates due to the feedback loop.22 Figure 6 shows closed-loop
experimental data at 36 Hz. To conduct this experiment, we used a
linear controller designed from the identified model at 35 Hz that
provided enough stability margin. In this model development effort
that combines identification and controller design, the main issue is
the reliability of identified models. Our experimental results suggest
that subspace methods can provide the measure of reliability needed
for SI of unstable phenomenon.

V. Further Research and Development
The area of time-domain SI has seen tremendous growth in the

past two decades. The subspace algorithms have found applications
in other fields, including process control. There are other algorithms,
most notably for nonlinear SI, that may be successful in flight vehicle
modeling and analysis. A comprehensive study to classify identifi-
cation problems arising in flight dynamics and to compare various
algorithms for their solution is long overdue. In addition, the follow-
ing three areas are suggested for further research and development.

A. Experiment Design
The reliability of any model identified from experimental data is

dependent to a great extent on the experiment itself. The conven-
tional 3–2–1–1, doublet and sine dwell inputs are not necessarily
the best inputs for linear SI and, in particular, structural mode iden-
tification. The problem of input design, also known as experiment
design, has been the subject of vigorous research. At present, ex-
periment design for linear SI is completely solved, and there is a
general framework for addressing constrained and nonlinear sys-
tems. However, experiment design for high-angle-of-attack flight
dynamics and unstable flight regimes have not received the same
level of attention. The use of experiment design methods in indus-
try can reduce the amount of testing and improve safety.

B. Estimation of Uncertainty
There are essentially three sources of uncertainties in an iden-

tified model. The first source is unmodeled dynamics, that is, the
gap between system dynamics and model dynamics. This nonpara-
metric uncertainty is well known in control systems, but rarely
mentioned in identification literature. The second source is noise
in the data used for model identification, which causes parame-
ters of the model to be uncertain. Parametric uncertainty can be
deterministic, for example, p ∈ [pmin, pmax], or stochastic, for ex-
ample, p is a Gaussian with mean p̄ and variance σ . The third
source of uncertainty deals with the amount of discriminatory in-
formation contained in the data that permits the identification of
individual parameters. It is related to experiment design and iden-
tifiability of the model set. Computation of modeling uncertainties
from data is a difficult problem, and very little, if any thing is known
about it. The MLE technique may be able to determine parametric
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uncertainties. A deeper look into this issue is suggested for future
work.

C. Online Structural Mode Tracking
Structural modes of an aircraft may change slowly due to flight

condition changes and abruptly due to failure and damage. These
changes degrade performance and can even be catastrophic unless
estimated rapidly and compensated for. A recursive subspace algo-
rithm with the capability to track structural modes is presented in
this paper. However, many issues remain to be studied, including
sensitivity to noise and test inputs. A focused effort to develop and
validate online identification algorithms is needed.

VI. Conclusions
Subspace algorithms are time-domain SI methods for MIMO sys-

tems. They use linear algebraic operations only and can be imple-
mented for batch and online data processing. We evaluated these
algorithms using two prototypical aircraft applications. The appli-
cation to V-22 structural mode identification is prompted by a need
for online modal frequency estimation stemming from notch filter
implementation, as well as a need to reduce the cost of ground and
flight testing. Our results show that subspace methods compare very
well with the traditional Prony method in sine dwell experiments. We
also showed that multiple structural modes can be identified from a
single sine sweep experiment, which is not possible with the Prony
method. The application to aeromechanical instability is interesting
on several counts, including the infeasibility of open-loop experi-
mentation. Our results show that subspace methods can be used in an
iterative closed-loop experimentation and controller design strategy
to identify models of parameter-dependent unstable phenomena.
The identification of open-loop unstable modes from closed-loop
data is difficult with Prony and frequency-domain methods.

Appendix A: Batch Version of a Subspace Algorithm
The basic subspace algorithm that follows may be found in vari-

ous forms in Refs. 14–17. Given a sequence of vectors {yk}N
k = 1, the

Yi |l is the Hankel matrix,

Yi |l =




yi yi + 1 · · · yi + j − 1

yi + 1 yi + 2 · · · yi + j

· · · · · ·
· · · · · ·
yl yl + 1 · · · yl + j − 1


 (A1)

where i , j , and l are given positive integers.
Let r > 0 be a specified model order. Fix integers i and j such

that r < i < j and N = 2i + j − 1. The following steps compute a
state-space realization of order r :

1) Solve the least-squares problem for L p and Td ,

min
L p ,Td

∥∥∥∥Yi + 1|2i − L p

[
U1|i
Y1|i

]
− TdUi + 1|2i

∥∥∥∥
F

(A2)

where U1|i , Y1|i , Ui + 1|2i and Yi + 1|2i are matrices constructed from
the data as shown in Eq. (A1).

2) Perform the SVD

L p

[
U1|i
Y1|i

]
= U�V ′

where the diagonal elements of � are ordered from the largest to
the smallest.

3) Partition U , �, and V as follows:

U = [
U1 U2

]
, � =

[
�1 0

0 �2

]
, V = [

V1 V2

]

where U1 and V1 have r columns and �1 contains the largest r
singular values.

4) Compute the Kalman states as follows:

X̂i + 1|i + 1 = [x̂i + 1 x̂i + 2 · · · x̂i + j ] = �
1
2

1 V ′
1 (A3)

5) Solve the least-squares problem,

min
Ad ,Bd ,Cd ,Dd

∥∥∥∥
[

x̂i + 2 · · x̂i + j

yi + 1 · · yi + j − 1

]

−
[

Ad Bd

Cd Dd

][
x̂i + 1 · · x̂i + j − 1

ui + 1 · · ui + j − 1

]∥∥∥∥
F

(A4)

to obtain a discrete-time model. Noise covariances are obtained from
the residual error.

6) Convert to continuous-time to get state-space model.
Step 2, which involves the SVD of a large matrix, is the most

computationally demanding part of the algorithm. This step is used
to determine the principal directions that are to be retained when
computing a fixed-order model. The SVD is usually replaced with a
quadratic regulator QR factorization. In most implementations of the
subspace algorithm, steps 4 and 5 are also replaced with algebraic
computations that are less intensive.

Appendix B: Online Version of a Subspace Algorithm
An online version of the basic subspace algorithm is described

next. For convenience, the recursive least-squares algorithm2 is de-
noted by RLS(·). The forgetting factor 0 < λ ≤ 1 in the implemen-
tation given next is used to weight immediate past more and distant
past exponentially less. It is useful in estimating system models for
time-varying systems.

Suppose that {uk, yk}N
k = 1 is given. Fix integers i and j such that

i < j and N = 2i + j − 1. Fix 0 < λ ≤ 1. The following steps give
a recursive implementation of the basic subspace method.

Initialization: Choose initial values for the matrix L p , the states,
the state-space realization, and their covariances:

L0
p, x0, G0 =

[
Ad0 Bd0

Cd0 Dd0

]
, G0

c > 0, L0
c > 0

Recursive loop: for k = 1, 2, . . . , is next.
Define column vectors:

P = [u′
j + k · · · u′

i + j + k − 1 y′
j + k · · · y′

i + j + k − 1]′

U f = [u′
i + j + k · · · u′

2i + j + k − 1]′

Y f = [y′
i + j + k · · · y′

2i + j + k − 1]′

Update L p:

[
Lk

p, Lk
c

] = RLS

(
Lk − 1

p , Lk − 1
c ,

[
P

U f

]
, Y f , λ

)

Update x :

xk = Lk
p P

Update G:

[
Gk, Gk

c

] = RLS

(
Gk − 1, Gk − 1

c ,

[
xk − 1

ui + j + k − 1

]
,

[
xk

yi + j + k − 1

]
, λ

)

The state-space model Gk is the updated discrete-time model, and
Gk

c is its covariance. As in the batch algorithm, some of the preceding
steps can be improved. For example, we can determine a state-
space model directly from Lk

p by performing an SVD. This model
is more accurate than the RLS-updated model given by the preceding
algorithm due to the slower convergence of RLS. However, SVD
is computationally more intensive than RLS. The SVD approach is
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appropriate for applications in which the state-space model needs
updating at a slower rate than the rate at which data are sampled,
for example, slowly time-varying system.
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